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when firms are risk averse and have a constant return to scale technology.
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gree of risk gversion is important in determining the sign of the investment-
uncertainty relationship but that the interternporal substitution. clasticity
also plays a crucial role. The model presented suggests the existence of
a positive relationship between investment and uncertainty for reasonable
values of the parameters. In the second part of the paper we extend the
analysis taking into consideration the presence of adjustment costs in the in-
vestment process. Except for particular values of the préference parameters,
the uncertainty-investment relationship has a net a definite sign anymore.
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Investment and uncertainty with recur-
sive preferences

Davide Tigghi-

1 Introduction

Economic theory investigated the investment-uncertainty relationship for al-
most forty years. However, there is not a definite result until now. Economic
literature on this field began with the work of Qi {1961) and the following
papers of Hartman {1972) and Abel (1983): they showed that an increase in

output price uncertainty raises the investment of a risk-neutral competitive

firm with constant returns to scale technology. This is due to the convex-
ity of the marginal product of capital with respect to the output price {or,
in general, the stochastic variable). By Jensen’s inequality, a greater price
variability implies an higher expected value of the marginal product of cap-
ital, and so an higher investment. This result follows from the assumption
~ that the labor is a perfect flexible input: indeed, if the firm can substitute

“capital with labor, it will adjust labor sfter observing the price shock, and
the margina! product of capital increases more tha.n proportionally relative

to price.
’ This theoretical conclusicn has been contadicted by empirical research
mogt papers show the existence of & negative relationship between investment
and uncertainty (see, for example, Pindyck and Solimeno (1993), Ferderer
. {1993b}; Leahy and Whited (1996), Guiso and Parigi (1999}). FEconomic
theory identified two factors that potentially could reverse the positive effect
of uncertainty on investment: irreversibility and risk aversion. In the first
cage, it has been shown (see Bernenke (1983}, McDonald and Siegel (1986),
Bertole (1998), Pindyck (1988)) that, if the firm cannot resell its capital
goods, then investing now 1mphes “killing” the option of investing in the
future. Clearly, this increases the {opportunity) cost of investment. Since
the value of the option increases with price volatility, greater uncertainty
will increase the cost of investment and reduce its level. Rislk aversion could
dépress investment too (sée Craine (1989), Zeira (1990), Nakamura (1999)):
indeed, if the firm {or outside investors) is risk averse, then- higher price



variability implies more risk and less investrent,

However, both these factors are not by themselves sufficient conditions
to have uncertainty and investment negatively related. Two reasons explain
this result. First, the introduction of irreversibility or risk aversion {with an

opposite sign to that indicated by Hartman and Abel} does not necessarily -

reverse the effect of uncertainty on investment. But there {s a second, more
subtle reason. Simply considering investment decisions as irreversible and
not taking infe account their intertemporal nature may not be sufficient to
give irreversibility its proper role. ‘As noted. by Pindyck (1993), the absence
of “linkages between one period and the next [] eliminates irreversibilitjr
from the problem”.

In this paper we intend to demonstrate that somethmg similar cccurs
with risk aversion. Indeed, the intraduction of risk aversion into the dynamic
set-up of investment decisions without distinguishing its role from that of in-
tertemporal substitutability can give rise to situations where risk aversion
produces effects opposite to those suggested by the traditional economic the-
ory.! As we will see, in the traditional expected utility set-up with CRRA
preferences high values of risk aversion determine a positive relationship be-
tween uncertainty and investment. -The use of recursive preferences that
allow us to separate risk aversion and intertemporal substitutability gives
the possibility to show that an high degree of risk aversion always reduces
the expected utility of future profits when uncertainty increases.- However,
the effects of greater uncertainty on investment depend also on intertemporal
substitution elasticity, and it iz possible that investment reacts positively to
uncertainty even if risk aversion is high. This mechanism cannot be captured
by the traditional expected utility framework as risk aversion and intertem-
poral substitution elasticity collapse in one parameter.

To ilinstrate these points, we use a general equilibriuin model where firms
decide the optimal investment level and consumers (which are the owners of
the firms} choose their consumption and portfolio allocation.

In the second part of the paper we extend the analysis ta.kmg into consid-
eration the presence of adjustment costs in the investment process. The
uncertainty-investment r'eiationship has a not & definite sign anymore in
this framework. However, under irreversibility and & unitary consumer 5
interteihparal substitution elasticity this relationship becomes negative.?

This paper is orgamzed as follows. In Pa,ra.graph 2 we consider the prob-

UThe importence of risk eversion was already recognized by O (1961) usmg a statu:
model.

2The irreversibility is introduced by assurning tha_t the price of capu;al_ls zero and. -
adjustment costs are quadratic ss in Abel (1983). This implies that the frm never finds

convenient to disinvest which implies that the lower bound for the investment, is zero.

Jem for the consumer and the firm without investment aﬂjustment costa.

Then the effect of uncertainty on investment is analyzed. In Paragraph 3 the
model is extended to the case where there are adjustment costs. Paragraph
4 analyses the effect of uncertainty on investment under irreversibility. Para-
graph 5 concludes. The Appendixes contain sore more technical derivations.

2 Revérsible investment

We assume that in the economy it is produced only one good that can be
used for consurption or investment. We also assume that capital does not
depreciate ‘and therefore the capital accumulstion constraint is dK = Idt.
All the firms in the economy have a Cobh-Douglas constant return to scale
production function #F (K, L) = 9 K172L® where K is the stock of capital,
L is the amount of labor employed and 4 is & multiplicative technological -
shock to the production function. Under these conditions the firms operating
profit, i.e. revenues minus the cost of the variable factors of production, is .
m=19"K, with §= -3

“The technological shock o follows a geor_net_ric Brownien stochastic motion

F=sz . . eY)

where dz is a standard Wiener process. :
Using Ito’s lemma we obtain the following stochastic process for 9%
d? - 2
ﬂ_ﬁ=’6(ﬁ_1) %——dt+ﬁo‘d25mdt-l_-sdz (2) .
where m is the istantaneous growth rate of output due to the technological
progress and s is its variability.

The hypothesis that all the firms are equal allow us to consider only the
behavior of the representative firm. This one chooses its optimal investment
80 as to maximize the present discounted vaiue V (9, i) of the expected
cash flow:

. {2 2] . &3 .
V(ﬂ,K):JIEP}xEt{f exp[ff :F(u)ndu] (ﬁf_jK—I):ds} (3
: gt [
3The implicit hypothesis is that the firm observe the reelization of the shock and
consequently adjust the amount of labor., Under these conditions, the operating profit

(i.e. revenues minus the cost of variable inputs) is obtained by selving the following
inaximization problemn y =umax {9K1~*L* —wL}, where w is the real wage. Then we

get x = (1— ) (“’}Z'L‘Wl 9T K = nd? K. If we assume that the supply of labor is such
that the real wape w is constant, then 5 is a]so constant and we cen normalize it to one -
without loss of generality.



where # is the rate of return required by the market to finance the firm.
The correspondent Bellman equation for this problem is

FVdt = max{(t?’aK 1) dt+ B, (dV)) ()

The left hand side is the retum required by the market while the nght hand
side is the expected return of the firm. The latter is given by the sum

of the firm’s dividend (¥?K — I) and the expected capitsl gain (B (dVY).

The absence of arbitrage possibilities unphes the equahty between these two
components.

The expected capital gain can be determined using [to’s lemima, a.nd ta.kjng :

‘into account the stochastic process (1) of the technological shock o

il

_ i -

E{dV) = E [VK K + V- dd + Vi - (dﬁ)’] = (5)
= Vi dK + %021921/1,,, - dt

Substituting (5) into (4) and using &!K = Idt we get the equation -

FV = 1'[{[?}.){ {19‘61{— I+ Vgl + lﬂ'zﬂzvﬁﬁ}_ . (6

Then, the maximization of (6) with respect to I leads to the fo]lowmg first .

order condition

Ve=1" R L {7)

This condition implies that the marginal value of the firm (i.e. the marginal
value of the installed capital} is equal to the price of capital. In this sense
condition (7) has a similar interpretation to the Tobin’s marginal g

Using (7) we can rewrite (6) as

7V = WK +'%02192V,m_ ' -(aj '

Equetion (8) is an ordinary second order differential equation in ¥ with vari- n

able coefficients. If we exclude the speculative bubbles, the only solution
economically relevent is (see Appendix A for details)

WK

V== _ I )

F—m
The fundamenta.l golution glves an expected rate of retu.rn equal to 7. The

instentaneous rate of dividend is (19‘8 K-~T ) while the ca.plta.l’s expected
1 Bfdvy

instantanesus rate of return is P + m. If we sum dividends a,nd:

4For further details see Appendix B. -

expected capital gains we obtain

1E@V) 9K
dt v ﬁﬁK/(r—m)

FI
B

- (K . (10)

as implied by the Bellman equation (4). :
Computing Vi from (%) and using the optimal condition Vi = 1 we get

ﬂﬁ
r—_— 1 : {11}

and then :
F=9tm (12)

‘Equation (12) determines the optimel ainount of capital K*.

2.1 The consumers

We assume that at each point in time ¢ the representative consumer maxi- -
mizes the intertemporal objective U{t} defined by the recursion®

fla-RUE = Tow et - REDEI R ()

where the function f {z} is defined as

3.1

f(s:).:ll:}jxl_—ﬁ o (14)

In (13}, C(£) is the consumption at time ¢, p > 0 is.the subjective rate of

time preference, B > 0 is the coefficient of relative risk aversion, £ > 0 is

the mtertemporal substltutlon ela.stlc:lty, and A the length of the economic
decision interval.’

Comsumers can allocate their saving between a rlsk.less asseb which yields
an instantaneous rate of return equal to r and a risky asset (i.e. the stocks
of the firms) whose expected instantaneous rate of return is 7.

If W is the consumer’s wealth then her budget constrain is:

= [aFW + (1 - a)TW — C] Ldt +aWs . dz (15)

5The particular preferences used are due to Obstfeld (1894b). For a more general
preference setup see Epstein and Zin (1989), Weil (1986} and Weil (1990). .
SClearly, E; is a mathematical expectation conditional on time-¢ information.




where a is the share of wealth invested in the risky asset.” Equation’ (15)
shows that saving, dW, is equal to the portfolio income minus consumption -

plus a zero expected value stochastic component genera.ted by the existence
of the risky asset in the portfolio.

_ Let J (W;) denote the maximum feaslble level of lifetime utility when the
wealth at time ¢ equals W,.* Using the Ito’s lemma in the maximization of
U(t) in (13) we obtain the Bellma.n equation

FlO-Ry I W), = maémcll +(1— R)-f {1~ Ry J(W).-
I (W) [a'rW+(1~a;)'rW Cl+
/WY )

From (16) we derive the foliowmg ﬁrst order condltlons with respect to @ and
C respectively:

J (WY ~r)+J" (W)asW =0 - Coan

T T U=RyI W (W) =0 o)
Equation (13)’s form suggests 8 guess that ma.xlﬂllZEd lifetime utility I/ is
given by: : .

({]W}l -
1-R..
for some constant b > 0. The use of (19 ) in (17) allows us to get the demand

for the risky asset

J(W) = (19)

F—r
Ru?
which is a constant fraction of wealth. From- equa.tlons (19) and (18) it is
p0551b1e to derive the following consumptlon function .

L G=

C=b—w : (21)

Equation (21 reveals that the consumptlon is a constant fraction 1,b = bl e
of wealth: :

For simplicity, we have omitted the labor income in the budget constraint. Although
this might seem strange we need to clarify that under somme mild assumptions on the utility
function the results that would be obta.med with the exphcu; bitraduction of labor are the
same. . :

#For details about the budget constraint see Appende B.

¥In the following part of the paper the subscript £ for the time will be omltted when it

does. nOt create confusion.

20)

(22)

%IQ

W=

Substitution of equations (19), (20) an

—

d (21) into equ&tlon (16) 1rr1phes that

b=ep—(e-1) [r_+ s (23)
and confirms that the value function is
) . [ o1 ]1 R .
sy = (24)

Equations (20} and (21) highlight that consumption behavior depénd both

-on intertemporal substitution elasticity and relative risk aversion coefficients
“while portfolio choices only by the risk aversion parameter.

From equation (20) it is possible to derive the instantaneous rate of return
on the risky asset: )
' ¥ =7+ aRs? o (25)

Equation (25) shows that the expected rate of return # on the risky asset
is equal to the riskless interest rate r plus a risk premium [aRs?) posmwely
related to the uncertainty and risk aversion degree.

Under the assumption that the net supply of the riskless asset is zero (and
therefore that the consumer’s endowment are given only by the stocks of the
firms) the net demand of the riskless asset, has also to be zero ir equilibrium.
Therefore, 1 —- @' = 0 and 2= 1 and from equation (25) it follows that

7 =7+ Rs? ) (26)

Moreover, the equilibrium in the assets market implies that the consumer’s

wealth is equal to the market valué of the firms V W and then the con- .

: sumptlon function is

O =YW = {ap; (—1) [r+ (';;ES?

}V - en)

2.2 The effect of uncertamty on investment under re-

ver51b111ty

In the traditional neoclasszca.l mode! the investment is deterrmned by saving

" in the good m&rket



19"K C= 19‘51( z,fJV

9K oK
: Subshtutmn of equa,tmn (29) into (28) leads to
T= (P —d) K E (30)

. If we plug equations {12) and (26) into equation (30) we obta.m the following
investment function

or (- me b Dmibee @

I =
= e{¥-v}x |
where 1 = p- (l - ﬁ) m41 (1 ~'—) '.Rs can be interpreted as a risk- adjnsﬁed

discount rate or risk- adjusted cost of capitel {see Appendix ). Equation {31)

¥ is greater than the user cost of capital v, and vice versa.
The consumption function (27) becornes

1 S
C¢¢K=E{—(l—_)'§ﬁ+v}f{ (32}
. £ .
The effect of -an increase in uncertai'ﬁty on investment is .
' . dC dv

dot = TaE = g @

uncertainty on the risk-adjusted digcount rate: if an increase in uncertainty
and vice-versa.

by the followmg relationship: : _
A 1-¢ (de i dsz) I~ a—R

do? & do? 2 dg2 ) £ 2(1-a)*

8

V=———w =K (29)

implies that the investment is positive when the marginal product of capital

The sign of the investment-uncertainty reiationship depends on the effect of -
leads to an higher risk- adjusted discount rate then the investment . decreases, -

The effect of the uncertainty on the I]Sk ad]usted d1sc0unt Taté is gwen o .

(34} IS -

Using the last two equations, we get

dar

—=—(1- 35

G P (39)
Making the substitution i = a.llows us to see what wouid have been

this result in the expected utility set—up with prefereuces of the CRRA type
with R being the coeflicient of relative risk aversion:!

dl (1-R)(a-R)

do® 2R(1-a) (36)

This is exactly the Nakamura (1999}'s result. Comparing this last equation
with (35), we can see the difference between the two approaches: the effect of
uncertainty on the risk-adjusted discount raté, and therefore the sign of the

- investment-uncertainty relationship, depends not only from the comperison

between the coefficient of relative risk aversion R and the elasticity of output

. to labor @, but also from the magnitude.of the intertemporal. substitution

elasticity e.
" From equation (34} we know that wher uncertainty increases two things
happen: the instantanecus growth rate of output increases (4% > 0) end

“therefore the rate of return on investment also increases, but the higher

uncerzta.mty implies an higher cost for variability to the individual equal to
1 R ﬂ'.s
adjusted instantaneous growth rate of output (ATGRO).M Notice that the
role of the risk aversion parameter R has an effect ouly on the amount by
which this growth rate is adjnsted downward to reflect the negative effect of

. more volatility. ‘The effects on investment of changes in the AIG RO depend

only on the magnitude of the intertemporal substitution elasticity parameter
g. Other things equal, if the ATGRO is positive then lower ¢ implies that

‘marginal utility is declining more quickly. This implies an higher level of

current consumption and consequently a lower level of the investment. The
effect of lower ¢ is reversed when AIGRQ is negative..

In particular, if R < a then when uncertsinty increases the instantaneous
growth rate of output increases more than the cost for the higher variability.

197f & = 1 then equation (13) implies that as h — 0, U.(i) approaches to the expected
utility form o

Ult)=E { : _1 5 ]i C(s)l-‘-f‘e-ﬂﬁ-ﬁds}.

HTor an interesting similar application see Obstfeld (1994a}.

The difference -Q(C‘TE-}@ cen be interpreted as the variation of the .



ol = R<o
_F R>a ]| R a. .
e<1li >0 =0 | <0
e=1}{ =0 =10 =

e>1| <9 ={ >0

Table L;

This leads to two effects: a) a positive wealth effect which causes an increase
in consumption and a reduction of current investm‘ent ag, all else the same,
the increase in uncertainty has increased his future income as the _}_U GRO is
positive; b} a negative substitution effect due to the fact that the higher rate

of return on investment makes more convenient for the individual to reduce -

the consumption and increase the investment. Which of t.lhe t.wo effects pre-
vail depends on the magnitude of the intertemporal sub_stltutzoy par&melze].‘. )
If the intertemporal substitution elasticity pa.rametl_ar £ is low {i.e. less tO an
one) then the marginal utility is declining very qumki‘y {a.s thg Al G-Ii is
positive) and the wealth effect is greater than the SubStltl‘ltan effect. n ere-
fore, the individual increases consumption and reduces %m_festment. £is
high enough (i.e. greater than oné) then t%:le cost of sh.lft%n.g consumpnloE
aver time is relatively low and the substitution eﬂ’ec.t ‘preva.zls on the wealt
effect: in this case the effect on investment is pesitive. When g = 1 tl_le
substitution and ‘wealth effects exactly offset each other and no change in
i investment oceurs. ] B §
Con;’lfugpim;l ?ﬁl:nlilh: AIGRO is negative. In this case the wealth effect is

negative (i.e. it leads to a reduction of censumption and c.o_nseqx_lently to an.
increase in investment) while the substitution effect is positive. Therefore, if

& < 1 the wealth effect dominates the substitution effect Ieadinglto a reduc-
tion of consumption and an increase in investment. The opposite happens

' € > 1 and no change-occurs if e = 1. N o
Wheélv}ien R = o the AIGRO does not change and therefore there will not

i ' fe).
be any effect on investment (for any value of ‘ ‘
) Ta)u’ble 1 sumnmarizes the sign between investment and uncertainty for dif-

ferent velues of the parameters. _

Tt is now possible to understand why in Nakamura (1999) the coefficient

of relative risk aversion R is imited to assume values -Ie.ss than unity. In factB,
as equation {36) shows and as Nakamura, itself has pointed out (Cfr'. note
p.360} ff—z > QO when R > 1, whichisa very surprising result because 1tdn;etahr;:
that a vgry risk averse firm behaves like a risk-neutral firm. In our mode

A o1
situation is equivalent to the case with R > 1 {which implies e < 1 as B = s

10

to have the traditional expected utility set-up): the separation between R
and £ makes it easy to understand in this enviroment why ;gj >0,

Nakamura also argues that when the coeflicient of relative risk aversion
is greater than one then the investment function has the vnusual property
that % > 0.12 Using recursive prelerences, this result can be easily explained
‘teo. Indeed from {31} we get :

PR L (87)

which implies that % % Qase § L. The explanation is very similar to that
given above concerning the relationship between'uncertainty and investment.
When the capital depreciation rate § Increases the rate of return on invest
ment decreases, This has a negative wealth effect and a positive substitution
effect.’® If £ < 1 then the wealth effect prevails on the substitution effect
and therefore consumption goes down and investment goes up, -The opposit
happens when > 1. This clarifies the Nakamura’s result in two ways. First,
the relationship between investment and capital depreciation rate is not influ-
enced by the risk aversion but by the elasticity of intertemporal substitution.
Second, we have a reasonable rationale of why 4 > 0 when ¢ < 1.1

Let’s now analyse which of the above cases is the most likely given rea-
sonable values of the preference parameters. The empirical results of Hall
(1988) and of Campbell and Mankiw (1989) suggest a very sruall intertem-
poral substitution elasticity, perhaps on the order of 0.10. Therefore we can
restrict our attention to the case with £ < 1,15 :

The likely level of relative risk aversion is probably ‘more controversial hut

~we can confidently aséu.me R greater than a, Indeed, conventional estinates

of K are in the range of 2 to 6. Kandel and Stambaugh (1991) argued that
even values as high as 30 cannot be ruled out on the basis of available data,

The Epstein and Zin (1991) estimate of B is around urity and is not grossly

. inconsistent with the hypothesis that ‘R is 85 high as 2. In any case, if we
- consider @ = 0.66 it is quite reasonable to assime A greater than (.66.

Under the above cited conditions (R > aande < 1) we know that
an increase in uncertainty leads to an increase in investment level, This
would suggest the existence of 2 positive relationship bgtwe_en investment and

. uncertainty which contradict the empirical evidence. However, the aim this

paper-is not to-give a set-up where investinent and uncertainty are negatively

2 Again, see note & p.360. .
. BCleerly, the wealth and substitution effects are referred to consumption as before.
M 0r better, we shouid say when R > 1 in the traditional set-np.
5 A1l the others empirical studies abous the elasticity of intertemporal substitution find

_ values of £ significently less than one.
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related but to demonstrate that the intertemporal substitution elasticity is a
key parameter in the explanation of the investment-uncertainty relationship.
In particular, in this peper we want to show the exact role of risk-aversion
and intertemporal substitution in the relationship between investment and

uncertainty and emphasize that it is not true thet an higher degree of risk- .

aversion does itself lead to a lower level of investment when uncertainty

increases.

3 The investment with adjustment costs

We now assume that the production of the investment good requires adjust
ment costs ¢ (1) that we assume to be quadratic and equal to '

g([):H%IZ - (38)

All the others hypothesis still hold. The maximization problem of the present
discounted value of the expected cash flow becomes:

Vs, K):u{lfa}xa{ftngp [-[f»(u)-du] [ﬂﬁK—c(f)]_.ds} | (.39)'

The correspondent Bellinan equation for this problem is

it = mae {[F°K —e(D)] - dt+ B @)} (10) '

Using Ito’s lemma to determine the expected capital gain F; (dV} and sub-
stibuting it into equation {40) allows us to get o :

"Maximizing (41) with Tespect to I leads to the first order condition Vg =

¢ (I}. Given the quadratic form of the adjustment costs, the latter becomes -

g = 14 A, with ¢ = V. Now, by solving with respect to I -we get the
following investment function ) : .o

I=;~(q_-_1)_ T 4y

This investment fu_nctidn requires an explicit expression for g. If we substitute
(42) into (41) we get

1 L, _ .
V=K - ¢+ 5_0'2192%_0 (43)

2A
12

In this case the firm is competitive, it has constant return to scale and ad-

_justment costs do not depend on the capital stock. Under these conditions
it is possible to show {cfr. Abel and Eberly (1994) and Abel and Eberly
(1997)) that the fundamental value of the firm is & lincar function of K and
it has the following form: - : :

V(E,K) =q(®) K +GC () L

where G () equals the present value of the expected rents accruing to the
adjustment technology represented by the convex cost of adjustment func-
tion. :

Substituting {44} irito (43) and solving for the fundamental value of the
firm .we obtain o

- U e -
V(?B,K)*Q(ﬂ)‘_KJrﬁ ;“(,:_my*(f_mf(fnzmmsz)} 49)
where |
9F 95 . .
s T Eey )

Equation (45) shows that the marginal value of the firm, g (1), is equal to

the discounted value of the expected marginal produet of capital considering

- that the growth rate m of the value of the firm is substracted to the risky

interest rate 716
Therefore, the investment function (42) becomes

2

I:g{ 249;3 -Hl. . - --
S AP S(F 1) : :

3.1 The effect of uncertainty on investment with ad-
‘Justment costs ' '

Let’s now analyze the effect of an increase in uncertainty on investment:

dI . 81 &I dF 9 (dm dv‘)

do? " 80t T Brde? T A7 )

do?  do? (48)

Equation (48} shows that the increase in uncertainty has two effects o invest-
ment. A positive direct effect ( %}} due to the fact that a greater uncertainty

16T¢ is assumed that the value of the paratheters in equation (46) ‘are such that the
denominator is alweys positive. . . :

13



increases the instantaneous growth rate of output. An indirect effect {2445
originated by the variation of the risky rate of interest 7 after the increase in
uncertainty. The sign of the uncertainty-investment relationship depends on
which of the two effects prevail. In particular, if the incresse of the instan-

taneous growth rate of output ( d02) is greater than the increase of the risky

rate of interest ( aaz) then an increase in uncertainty leads to an higher level
of investment and vice-versa. This consideration holds under the assumption
that an increase in uncerfainty leads to an higher risky rate of interest, ie.
g; > 0. However, although this result is quite reasonable, as we'll see, it

cannct always be demonstrated. Needless to sey that if the increase in uncer-

tainty determines a lower risky rate of interest then the eﬁect on investment
is positive.
The rate of interest 7 is determined by the followmg merket equzllbrlum
(F—r)*

condition:!”
= {sp—(a—l) S }V—'r

;(iﬁm‘fl)*zl,\(i”lf -

ThlS condltxon can be reinterpreted in terms of equality between saving and
adjustment costs which include the cost of purchase of capital goods. The
introduction of the adjustment costs does not modify the portfolio allocation
rule and the distribution of income between consumption and saving because

A
K = 'C+I+§IZ=

r+

the firm’s rate of return is equal to # as before. However, the presence of the -
adjustment costs implies that the consumer’s wealth W is not equal to K~

ANYMOre,

* The effect of uncertamty on the rxsky interest rate can be determined .

" from equation (49) using the implicit function theoremn. Rewntmg equatlon
(49) as '
9% 1

2A(F—m)®  2X

1¥Notice that the stochastic comporent 52 in the consumption function, which is iden- -

. P
tical to equation {27}, is replaced by w? = 2 [1 + 5 - M,.,—_:’:ﬂgv] . Indeed, when the

firm faces quadratic-investment adjustment costs the consumer’s maximization prolﬂem .

does not modify. but the stochastic Component of the budget coustraing. For further details
" see Appendix D. .
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IFegV 4+ ——— - — K =0 g (50)_

and using the implicit function thecrem we have

g _ 4
= a;F (51)
where
alF d 1 av i
o7 = (1-¢) prida i) Vv 5+ Wzﬁ (B-1) (52)
and 2
BIF ¥
L=) VA gpmm o ——
From equation (45) we get _
av WK1 :
5t = Gompi’ (8- ) (54)
9%
AfF —m)® (7 — 2m — 52) 2’6 B-nr -
N 192" 20 1
Bl am s P a0
and .
v K Ry
oF F-m)® AF-ml(F—2m-—s)
G
OX(F—m)? (7 — 2m — 57)°
1 24P .
R YE— ((55)

Substztutmg equations {52), (53), {(54) and (55) intc {51} send sunphfymg we
obtain

Cdr | E-DEBV 9+ 2 in( 1)

5 = = — 56
do? 2(1-—g) V+¢ —ﬁ)ﬁg (56)
Plugging (56) into (48) leads to _ :
a9 e-NVI[B(B—1)—LRy]

do? T N —mP T 2(em )V - gy T
_faj; [mgﬁ(aﬂ*} 4Ar’ﬁ(‘6 )}

26~ 0V =9 + s

(57)
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The presence of adjustment costs makes the investment-uncertainty relation-
ship more complicated because the consumer’s decisions depend zlso from
their wealth W which is not exogeneons and equal to the capital stack K
anymore. In particular, the consumer’s wealth is equal to the value of the
firm and when uncertainty increases, V' changes both because of the change
of o? and the risky rate of interest #. Equation (57) shows that the sign of
the relationship between investment and urcertainty is always ambiguous.

4 Irreversibile investment

To see if it is possible to have more information about the elements that
determine the sign of the investment-uncertainty relationship when there are
adjustment costs, we consider the case where the price of capital is zero and
the firm has to pay quadratic adjustment costs to invest (as in Abel (1983))
which are given by

c(_I)r,EI2 ) . . (58]

This implies the existence of irreversibility because it is never convenient to
disinvest. Repeating the same procedure of the previous paragraph we obtain
that the fundamental value of the firm is _

K ¥

V('L?aK)=,:_m+2A(1=_m)2{f—_2ﬁ—52) - (59)

and the investment f_unction

oF

I=—— R R

A(f—m)

The ‘maximization prob]em of the consumer does not change a.nd the
consumption funetion is still given by equation (27) -

C=39V

where is the same of equation (23).18 s
As before, the effect of uncertainty on investment is given by

dal 91 _oIdi . o (dm df)-

17 8 Grdat . N7 —m)

do? . do? (61)

which is exactly equal to equation (48).

o o2
8However, the stochastic component in this coitext is equal to u? = 2o? (1t+8)".

16

The market equilibrium condition that determines 7 is

A -m) (F-2m- )

simplifications gives

dF (E-LiRV + g%+ e LB (0 1)

do? 21 =)V +9F — 5

17

CA
YK =C+ -1
G+ 21 (62)
and this implies that equation (50) becomes
IF =gV 77 #
= + ="K =
_ W (7 —m)* 0 (63)
As in the previous problem
Pl (64)
From equation {63) it follows that
BIF  °  gF 1 av 8% 1
s l—a 2y 1) = % - -
e (1—¢g) do"’v (1-¢g) 2R7V+¢302 +_/\(1F-m)3 2,6(,6 1) (85)
and 2
BIF &
—— = {1-g) V£ —_—
" Equation (59) imp_iies that
v 9K 1 g 1
2T = = -1
BeE (r _ty ﬁ(ﬁ 1)+ {f~m)3(f—2mwsz)2ﬁ(ﬁ )+
_ o _ .
} - 26-1
2A{f—m)2(f—2mﬁ52)2ﬁ( - ©7
- and .
v K L .
oF (F—m)y  AGF-m) F - 2m— s?)
9% '
(68).

. The substitution of equatmns (65), (66) (67) and (68) into (64) and some

(69)



A Rsa|R=2a| R<2a
do?

E<1] Z0 | Za | Zo
=1 <0 <0 < 0
e>1] <0 Z0 =0

Table 2:
Plugging (69) into (61) leads to
dI ¥ {e—1)V[B(0-1)~ LR

= { o
T ) Y]
da? AF —m) 2We—1)V - %'l'ﬁ’

~b e 0 (36 = 1)

—m)E(F—2m—

2(5““1)V*¢'ar7 M:;jém)z

Equation (70) shows that the interternporal elasticity substitution is still a

key parameter in the determination of the sign in the uncertainty-investment -

rélationship. Let’s first consider the case with £ > 1: the denominator of
equation {70) has always a positive sign.’® If B > 2« then [3{8 — 1) R'y]

0 and the numerator is negative.?® Therefore, it follows that 2 —5 < 0 asin
the reversible investment, case. 'When R < 2o then [5{8 — 1} ~1Ry] >0
and the sign of the investment-uncertainty relatlonsh.lp becomes ambiguous.

Consider now the case with £ < 1: the relationship between investment
and uncertainty has not a definite sign. Indeed, when £ <1 the sign of both
the denominator and the numerator is ambignous.

When & = [ then the denominator is positive, the numerator is always
negative and it follows that 2L < 0. This is the dlfference with the reversible
investment set-up where 7= is always zero when € = 1 the presence of
adjustment costs and irreversibility implies a negative relationship between
investment and uncertainty. :

Table 2 summarizes the sign between investment and uncer ta.]nty for dif-
ferent valnes of the pararneters.

Compering the results obtained in this framework with those obtained |

without adjustment costs we car make the following two. considerations.
- First, when there is irreversibility and adjustment costs the uncerta.inty-_
investment relationship has a not in genera.l & definite sign. Second, the only

19Notice that equation {68) implies that Y is always negative.
20This condition is obtained assuming v & ,52 which is a good approxmmtlon when we
are close to the stcady-state .
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(70}

case where we have a definte sign is when the mtertemporai substitution
elasticity is one: the presence of irreversibility (and adjustment costs) push
towards a negative relationship between investment and uncertainty.

5 Conclusion .

In this paper we have a.na.lyzed the relationship between uncertainty and

investmient when firms are risk averse and have a constant returns to scale
technology. . We have done it using a general equilibrium model where firms
decide the optlmal investment and consumers choose their consumption an
portfolio allocation. Using recursive preferences that allow us to separate
the relative risk aversion from the intertemporal substltutmn elasticity, we
demonstrate that the role of the risk aversion in the investment-uncertainty
refationship is not necéssarily negative, as argued by the traditional litera-
ture, but it depends from the degree of intertemporal substitutahility. - In
particular, when the risk aversion is high and the intertemporal substitution
is low {which is the case that we have when we assign ressonable values to the

-parameters) then an increase ir uncertainty increases the level of investment.

In the second part of the paper we have introduced the adjustment costs
In this framework; the uncertainty-investment relationship hes a not a
defimite sign. However, if the intertemporal substitution elasticity is equal to-
one and there Is irreversibility (in the sense of Abel [1983)), then the relation
analyzed becomes negative. Notice that without adjustment costs and with a
unitary intertemporal substitution elasticity, the uncertainty has no effect on
investment. Therefore, we can say that adjustment costs and 1rrever31b1hty
have a negative effect on investment when uncertainty increases.

‘Appendix A

.In this sppendix we show that the only economically refevant solution for

the value of the firm is V.= ‘m( Equation (8) is an ordinary second order
differential equation in § with va.rla,ble coefficients

o1
7V = ﬂﬁK+ 50'21.921’:5‘9 .

We know that the general solution of this equation is given by the sun of

. any particular solution of the complete equation and the general solution of

the reduced equation. Using the variation of parameters method we obtain
the general Solutlon '
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K

7 —m

V= A 4 A" +

(AL

where n; and n; are the solutions of the following chamctensmc equation of

@

) 2 .
Cn) = 5ot —nT -7 (A2
- In particular,
i 1, 1% L
ny, Mg = -2“.:i: :1‘+;‘5 : (A&)

with 2y >0andn2<0

The term % of the equation (A.1) is the expected d.lSCOU_'llted value
of the flows of output deriving from the use of capital: The term # is
‘a discounting factor: # is the rate of interest required by thé market and
m is the expected growth rate of output. The particular solution is the
fundamental of the value of the firm.. The other two general solutions of
the reduced equation in (A.1} cen be eliminated because of the following
considerations.

High values of ¥ should increase the value of the firm because a positive
technological shock incresses the output and the operating profit #°K. The
solution A4;9™ implies that the value of the firm decreases when ¥ increases
because 7y < 0. Therefore, it can be assumed that Ay = 0.

The solution 4;9™ can be considered a speculative component. If the
value of the firm would be deterinined from A;29™, then the expected instan-
taneous capital gains when no investment are done are given by

ale; E;iv) — (_i]-E%Ei [A i .ﬁn1-—1d19+ %Ainl (T?Jl — 1)19"1:_2.((119)2]
: 2 . . ' '
- %nl (u=1)=% o - {A4)

where the lagt equality comes from equation (A.2). If the value of the firm is
given by (A.4} then the capital gain would itself be sufficient to guarantee an
instantaneous rate of return equal to 7. However, this implies the violation of

the ro arbitrage condition. Indeed, an individual could buy the firm payinga -

rate of interest 7, get dividends 9°K and sell the firm obtaining an éxpected
capital gain equal to #. This strategy allows to get dividends at zero' cost.
Therefcre the no arbitrage condition implies 4; = 0.
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Appendix B

In this appendix we show how to obtain the budget canstraint (15). We start
from

1
dV = Vi - dK + Vy -dv.?+§1/,5,5~(d19}2 (B.1)
From equstion (%) we can determine
19'“‘11{
Vo =f0—— (B.2)
P _
_2K
Vms—ﬁ{ﬁ—l) (B.3)

Substltutmg equation (B.2), (B.3), the first order cond.mou {7) and the cap-
ital accumulation constraint dK = Idt into (B.1) we obtain

A—1 b—2
Qv = Idt + 55 Kdﬁ+1ﬁ(ﬁ—1)’9 K
F—1m 2

— ()’ (B.4)

. Considering the stochastic process {1) of ¥, equation (B.l) can be rewrittén

as

dV Idt—l—,ﬁ’a

Kdz+ ﬁ —1o 2‘9 (c.!) (B.5)

From {B.ﬁ} we have that the expected capital gain is

1E@dV) I
_ & vyt (B.6}
and the instantaneous variance
. Lyar{dV) . ,_ o :
FTRY: =fc’=s (B.7)

- Therefore the stochastic process of the value of the firm becomes

dV I
7=(V+m)-dt+s-dz . (B.8)

The consumers get the capital gain (dvy V) and the instantanecus flow

 of dividend - (ﬂﬂ K1 ) It follows that the budget constraimt

. 5 /- } .
AW =W [a (%E_+'19KTI—dt) + (1 —a) 'rdr‘.] —Cdt (B.9}

can be written as
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AW = [m‘W+(1—a}erC]-dt—t-un-.dz

which is exactly equation (15).

Appendix C

To see why » is & risk-adjusted dlSCCIlJJlt rate let’s consider the problem

defined by the following Bellman equation:

v-f[(1=R)J(W)] = Ig,aéx{l:—lcl"% +H(1=R)F (1~ R J ()]

(.1

. {J’ (W) [aFW + (1 - a) rw -+ %Jﬂ (W) ;232W2}}

Differently from the problem examined in the main text, in the pléce of p..

we have v as'a discount rate. - However, the two problems have the same -

solution.
To verify this, derive the first order conditions:

T (W) (F =)+ J" (W) as®W =0

=S RIWS W) =0 .
which are exactly equation (17) and (18} derived before in the niain problerm.

Then make the same guess for the value function J, ie. equation (19), and -

substitute J (W3, J {W) and J” (W) in the first order conditions. This leads
to: .

E_F—r
T Ry?
and
U= bl"EW

Next, consider the undetermmed constant ¢ = bl 5. Subsmutmg J (W},
J (W) and J¥ (W) and the above equations in the Bellman equatlon {C. 1}

we get
. ) 2
O r)]_

P=ep—{(e—1) 5

which again is the same solution derived in the main text (see equation (23)). ~
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Appendix D
In this Appendlx we show that the stochastic component in the consumer’s

problem is
G 9°
= 14 = -
v '6"[ Ty A(F_—m)ZVJ

We start from equation (B.1):

_ dV:VKidK+w-dﬁ+%wg-(dﬂ)2

where
V{,K) = g(d) K +G() .
& 171 2098 2
= - K+ — [T — z + " ) i :l
F—m 2% |7 (T_—m) (F —m) (7 - 2m — 52)
Therefore
. 19.371}-{ ?3215—1 . B-1
‘/l, — _ .. + 2 - - = — ﬁ 19 5
F—m. 2A (7 —m)* (7 — 2m — 5%) AF—m)
ﬂfHK
Vos = 8(8— 1)
: §o-2 98-
+23(28~1 — -1 .
. A }ZA(f—m}E('F—ZmM_SQ} ﬂ.(ﬁ )/\(7’—:%}2

Following the same procedure of Appendix B we have that the stochastic
component is .

9K - 361 981
sc = —~ +2 - .
{ Fm R myr e e ﬁA(F“m)Q}m}dZ
. 19,0 .
= oy oy e
Tmposing o ;
V+@G i

s o R

we obtain .
G 9 _
u=fo {1+VW A(f—m)zV}
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