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Abstract

The paper aims to amend the standard monopolistic competition framework
- and its endogenous growth extension - introducing both heterogeneity
among producers and a form of ‘Schumpeterian’ competitive selection
process. According lo our view, the introduction of heterogeneity implies
that the notion of a symmetric Nash long-run equilibrium solution has to be
discarded. This amendment permits lo appreciate the role played by
preferences and technology in determining the degree of percistency of
romingl shocks when the assumption of perfect foresight is abandoned.
Furthermore, a trade-off between short run and long run neutrality is
assessed,

The revised model is then employed in providing some contents to a couple
of stylized facts about long-run aggregate growth. Instead of being
modelled as a continuous increase of the commodity space, growth is
described as succesful R&D investments in decreasing production-cost
technologies. Innovation and imitation processes are modelled as activities
requiring different amounts of invesiment, whose outcome is uncertain both
as regards the time it takes to occur and the amount of effective increase in
productivity it allows. Furthermore, technological change is governed by
localized spillovers, so that it can be analytically treated by means of a
Markovian random fields’ machinery. Preliminary results obtained through
a ‘Mean Field’ approximation allows us to appreciate the influence that
alternative assumptions on the nature of localization of technological
change bear on the rate of growth of average productivity.
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1. Introduction’

In the last few years the monopolistic competition framework has gained the
centre stage of macroeconomics, one of the main reasons being the
embarassing lack of empirical evidence supporting the predictions of
standard perfect competition models. In fact, coupled with nominal and real
rigidities both in product and labour markets, monopolistic competition has
became pretty soon the cornerstone of the new-keynesian approach' .

Since the works by Romer (1990) and Grossman and Helpman (1991), non-
competitive {in a neoclassical sense) markets have been introduced in
dynamic contexts as well, as a useful benchmark for the theory centred upon
endogenous growth. In particular, Grossman and Helpman have associated
growth with a continuous increase in the variety of commodities available
for consumption. Furthermore, in such a setting the assumption of
preferences of the Dixit-Stiglitz type implies that an increase in variety
amounts to an improvement on welfare.

While particularly useful in introducing an endogenous channel in the
implementation of R&D investments, our general impression is that these
models fail in recognizing a striking empirical feature. The commodity
space, i.e. the number of goods available for consumption, has historically
not merely increased, its intertemporal movement being described also by a
continuos rightward shift. In other words, while it is undeniable that
completely new goods are introduced at a given rate, it must be stressed that
at the same time a certain number of old goods disappear from our shops’
shelves. The introduction of gasoline engines, of electric lighting and of
kevlar tennis rackets has contributed to the growth of per-capita output and
to the welfare of consumers all around the world (at least the industrialized
one), but at the same time steam engines, oil lighting and wooden rackets do
not continue to be available for consumption with a positive price: they
simply went out of market. As a consequence, the methodological choice of
approximating growth by the mean of a continuous increase in the number of
availble commodities seems to us at least questionable. On the contrary, we
advance that monopolistic competion may be usefully employed in
modelling growth due to process innovation as well.

" Previous drafts have highly benefited from comments and suggestions by Reiner Franke,
Mauro Gallegati, Stefano Manzocchi, Stefano Staffolani, Alessandro Sterlacchini, and the
partecipants at the 2nd workshop on Economies with Interacting Agents, Ancona, May 30-31
1997. The usual disclaimer applies.

t Among the copious literature nowadays available on macroeconomic models based on
menopolistic competition, see Blanchard and Kiyotaki (1987), Gali {1994), Kiyotaki (1988),
Krugman (1991), Murphy, Shleifer and Vishny (1989) and Startz (1989), as well as the surveys
by Benassy (1991), Matsuyama (1995) and Silvestre (1993).
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The arguments above are no more than examples, but they are useful in
illustrating the basic point of ‘creative destruction’, which relies both on
process and on product innovations as the engine of growth. Introduced by
Joseph A. Schumpeter in the first half of this century (Schumpeter (1934),
(1942)), the idea of selection through competition among alternative
technologies has been revived recently both by evolutionary associates and
by neo-classical ones’

The main goal of this paper is to contribute in throwing a bridge between the
nowadays prevailing approach of Chamberlinian inspiration and the more
heterodox evolutionary stream of thought. This attempt is pursued extending
the standard monopolistic competition framework in two directions: first,
introducing heterogeneity among producers; second, investigating how and
why suppliers of consumption goods should interact among them,
respectively. In particular, heterogeneity allows us to shed some light on the
Bertrand-type selective dynamic process which drives the economic system
towards an asymmetric long-run equilibrium. In turn, dynamic
considerations implies to explicitly take into account how R&D activities
interact with the selective process led by the competitive pressure. In a few
words, the competitive position held by a producer plays a double role:
while efforts in R&D are a function of the competitive position reached so
far (measured by profits), successfully R&D allows the firm to increase its
advantage over competitors, in a process of microecconomic cumuiative
technological growth, from profits to innovation to growth to new profits
due to increased competitiveness. Agents knows to be heterogeneous, and it
is rational to take advantage of heterogeneity interacting. Hence, we assume
that investments in R&D aré characterized by some kind of positive
spillovers.

The argument is deﬁmtly not new, and it has so far received a considerable
attention by the profession. However, both the non-competitive endogenous
growth theorists and the Schumpeterian ones have largely considered
technological spillovers as phenomena generalized to the whole economy.
According to this view, each firm can gain from the (embodied or
disembodied) knowledge befonging to any other firm, independently of its
technological or geographical distance. On the contrary, when distance -
whatever form it takes - matters we talk of localized technological change.
We explicitly analyze how localized spillovers in R&D shape the path of
growth of our model economy. In doing it, we will follow the pioncering

*For evolutionary contributions, see Henkin and Polterovich (1991}, Iway (1984), Nelson and
Winter (1982), Silverberg (1984), Winter (1984) and the survey by Witt (1992); for neo-
classical counterparts, see Aghion and Howitt (1992), Cheng and Dinopulos (1992) and
Segerstrom, Anant and Dinopulos (1990}).

work of Hans Follmer (1974) on local interaction systems modelled as
random fields.

The paper proceeds as follows. After a brief discussion, contained in section
2, of some stylized facts searching for a unified interpretative framework,
section 3 discusses how heterogeneity modifies the long-run properties of
the basic monopolistic competition model. The passage from comparative
statics to transitional dynamics is analyzed in section 4, where we explicitly
introduce learning-by-doing and learning-by-using phenomena in
technological adoption. Section 5 extends the discussion dealing with the
influence on growth of the two most important R&D activities: innovation
and imitation. Both of them are supposed to be localized, in a sense that wiil
be discussed in some detail. Section 6 focuses on a mean field analysis of the
composite stochastic process we adopt to describe technological change.
Finally, section 6 summarizes the paper.

2. Some stylized facts about markets, technological change
and growth.

More or less like a lazy tourist who decides to transmit home a rough idea of
the landscape he admired sending a postcard, economists have found
particularly convenient to state what they want to explain through the
theories they claborate using simplifying images of how real econotnies
work. Admittedly, this behaviour is particularly useful - and probably the
only one we are allowed to use - whenever we have describe a continuosly
changing and complex reality.

In this section we adopt the same strategy, proposing a selected hst of
stylized facts which in our opinion are at the core of the dynamics of growth
and decline of firms in a competitive setting. Some of them are nowadays
widely accepled by the profession, even if not always included in standard
neo-classical models. On the contrary, a couple of facts with heavy
implications for the story we want to tell, i.e. the presence of effective
competition among heterogeneous agents and the localization of
technological change, have been seldom enclosed in macroeconomic
models. The facts we marshal are the following:

1. Usually, markets are characterized by firms using heterogeneous
technologies to produce non-perfectly substitutable commodities. As a
consequence, at any point in time they experience differences in their
relative  competitiveness. This argument has two important
implications: first, the empirical evidence is really at odds with the
standard assumption heavily used by modern macroeconomics of a
‘representative firm’; second, the most appropriate theoretical
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framework to be used in studying economics is likely to be the
monopolistic competion model, not the perfect competition one.

ii.  Each firm tries to improve its competitiveness through the ado_ption of
more efficient technologies, often incorporated info capital equipments.
Besides, adoption does not usually involve an immedia’te increase of
productivity, because of a set of ‘retardation ffzctars. Amqng the
others, retardation is a function of learning-by-doing and leamm_g-by-
using phenomena, of problems in adaptating a new vintage of capital to
old vintages, and of the need of retraining the employees.

iii, Innovation and diffusion processes are characterized by locali.z,e,d
spillovers. ‘Local’ is not here just considered in a geographic meaning,
but also in the degree of substitutability among commodities ‘al'{d
among the technologies used to produce them. In. other .words, it is
easier (and provides higher incentives) to discovex: innovative and less
expensive ways to produce whenever close (in some s.ense) to
technologically up-to-date competitors. On the other side, it resuits
easier to imitate an external innovation if this is somehow related to the
technology we are presently using.

iv. Innovation and diffusion are inherently uncertaint activities. For any
given level of investment in R&D, uncertainty matters at two %evels: the
time it takes to obtain some results, and the degree of innovativeness of
the R&D outcome with respect to the present technology.

v.  Imitation is hardly instantaneous. We are not referring simpI}f to Fhe
well-known fact that imitative processes follow logistic diffusion
patterns among the firms® population, so that a new available
technology is adopted by different firms at different times. We label as
“lack of contemporaneity’ the presence in almost every country of a
patent system or of other legal protection’s devices preventing follower
firms from adopting the most efficient technology. E{urthermg:re, the
very fact that a technology is incorporated in capltgl equipments
implies that a firm has to face sunk costs i.n dlscardmg_ .oId
technologies. As a consequence, at any time there is a non—neglig%ble
number of firms using technologies not positioned on the efficient
frontier. :

The stylized facts from i) to v) refer exclusively to microeconomics’

phenomena. Given that the aim of this paper is to explore how com;_)etitive
struggles among firms cause the growth process of aggregate economies and
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shape the form it takes, a couple of macroeconomics regularitics on growth
follows, which in our opinion are strictly related to the previous ones. A
fascinating introduction to the topic of interrelations between technological
change, its rate of growth and the development of industrialized economies
is provided by Abramovitz (1989) and Landes {1969). Here we claim that:

vi. Technological change represents one of the most important factor
determining aggregate economic growth. The forms in which it has
appeared during the last two centuries have been basically an increase
in the number and the quality of commodities available for
consumption, and an increase in the productivity to obtain them.

vii. Per-capita output increases at a rough constant rate in the very long-
run. However, if we analyze the process more closely, i.e. for shorter
periods, we can observe that its path is not smooth at all, but it might
be better described as an increasing process subject to continuos and
irregular fluctuations around one (or more) hypothetical trend(s).

The remaining of the paper tries to compose into a unifying picture the
several postcards here presented. In particular, we will iy to explain how the
macroeconomic stylized facts about long-run growth vi) and vii) can be
obtained as the result of a model where the microeconomic regularities
singled out above are explicitly taken into account.

3. Introducing heterogeneity in a standard monopolistic
competition model.

As we already noticed, the class of growth models bearing on the Ramsey-

Cass-Koopmans framework employs a notion of competition which has

-nothing to do with what is currently intended by the very notion. In turn, the

increasing available evidence seriously threatining the correctness of its
predictions has led a consistent part of the profession to look for more
realistic ways of describing how economic systems really work.

The resurgence of attention for imperfect competition models recently
occured represents a first step in this route. Unfortunatly, the assumptions of
homogeneity among agents and of symmetry along the final long-run
equilibrium have deeply permeated the literature at hand. Some useful
insights could be obtained whenever these assumptions are dropped. In order
to do this, let us focus on a simplified version of the standard monopolistic
competition mode] developed by Blanchard and Kiyotaki (1987).



3.1. A simplified monopolistic competition model.

Consider an economy with K final goods, each one produced by a single |

firm operating as a monopolist. A representative consumer endowed with a
constant elasticity of substitution (CES) additive utility function determines
the following standard demand curve for the commodity j:

R RO & 1)
i (r)_[Q(r)] K

where pj(t) represents the price charged by the monopolist J, Y? is the real
aggregate income available for consumption in the whole economy, & is the
constant elasticity of substitution between couples of good, with & > 1; and
finally Q(t) is a CES index for the aggregate price level:

0(e) = {71(“2 P ]H , @

We assume that producers are heterogeneous. In our setting, heterogeneity is
postulated to matter just at the cost level. Thus, a generic monopolist j can
obtain its output only bearing the total cost:

Y. ()"
c,w=20 . ®
i)

with a > 1. Expression (3) states that for a given peculiar technology
parameter &;(t), the monopolistic firm experiences increasing static marginal
costs (for a convincing evidence for this assumption see Bils, (1987)). Costs
could nevertheless be dynamically decreasing, whenever the variable e;(t)
follows a sufficiently fast increasing path. In turn, F captures the fact that
each technology is embodied in some kind of capital equipment. In order to
simplify the exposition, we assume that the capital depreciates in one period,
so that firms must incur in a fixed cost each period; that fixed costs are
homogeneous among producers; and finally that fixed costs remain constant
as the technology embodied in the capital equipment varies, respectively.
These assumnptions allows us to avoid any discussion about the role played
by overlapping vintages of capital stock and possible linkages between
capital stock depreciation and productivity.

At the beginning of time t, ¥ t € T, the K monopolistic firms play a cne-shot
game adopting Bertrand-type strategies. Monopolist i determines the price

he decides to fix in selling the good he produces, given consumers
preferences and the aggregate price index. Recall the latter measures the
average behaviour of his competitors., Thus, the problem consists in
maximizing the expression for period t profits with respect to the relative

price p‘,(r): .
2
max . oy . o 2OV MG 1 (2O n0l
w0= ,.(:{ Q(r)} o) e, 0| 2@ ) 0w J -F
where for ease of notation we substituted g ((t)) , the real amount of money,
r

Ye . _— .
for a This substitution may be considered a standard trick in this

literature, and it follows from the assumption of money as a medium of
exchange supplied by the mean of a quantitative rule. The ‘speed’ of
currency is assumed fixed and equal to the inverse of the number of goods
produced in the economy (see Rotemberg, (1987)).

From the first order condition we obtain the monopolist j’s Best Replay
Function (BRF):

p;{) 1 (M@ ; 5
10 “[Ae,(r)LQw] } )

where A =

o
1 and 8 = 1+a(o-1).

3.2. Real effects of nominal shocks.

In the monopolistic competition literature the equilibrium solution is
tipically found as a symmetric Bertrand-Nash static equilibrium. This
characterization proves to be particularly useful to overcome the problem of
determining the aggregate price index. Indeed, when the one-shot game is
played simultaneously by homogeneous players, the right value of Q(t) can
always be found simply because each firm has all the relevant information
one needs {o calculate the optimal price of other players. At each time t, each
monopolist is allowed to choose its optimal price along its BRF, which in
turn is a function of time t aggregate price index: at least implicitly, the



aggregate price index must be forecasted. Introdu_c%ng_ heterogeneity raises
general questions on the workability of such an equilibrium concept. -
Ina heterogeneous environment, what one needs to caigulat.e both' its op 1;11.&t
price and, at the very same moment, the aggregate price index is a per fhc

knowledge of the technology employeq by each competitor. Whgnever e
economy is large enough, this requirement might prove to e too dan
unrealistic one. It follows that the current Ieyel of .the aggregate prlctzI _m(r ex
can be just forecasted on the basis of the_avaﬂa@l_e 1{1f0rmat1on.. Acco_r ing l;o
what we stated above, the symmetric equlhbrmxp solution might be
associated with perfect foresight in forming expectations. Our point is thaf
perfect foresight and heterogeneity are not mutually consistent assumptions:
heterogeneity is likely to be associated with letss than perfect foresight. .

Given the assumption of a bounded_capamFy to foreffast the ﬁ_:ture, 1t.e
simplest mechanism one can postulate is a static expectation formation rule:

Q0 = Q(e-1)

Substituting in the BRF of the generic monopolist j, and aggregating through
expression (2), we have:

1
1-8 |1-g

[ fm(:)]“" T ©
Q(r)=1[?§ [A[Q(:) e;| 2= J|

where for ease of notation we substituted €; for (1/g;). In other terms, (6) can
be rewritten as:

a-1

00 = A“L( g((:)))TQ(r— 1o (6) M

whereu () =

2
productivity. Linearizing by the mean of a logarithmic transformation we
obtain:

1 g
I_ 1§ (a GE—J;} might be interpreted as an index of average
Y

q(l)=‘y'+a5—1[m(t)—q(l‘)]+ gle - 1)+ u(e) (3 |

where lower case letters represent the logarithm of nominal variables, u(t)
1

the logarithm of v(t), and ¥* the logarithm of A% . After some algebraic
manipulations one obtains: .

Q) =y +cymt) + c; g(t-I) + ¢; v(t) )
where ¥ = v 5 ,c;:.._.Lj___and02=C3=
& +{w —1) a +ofa -1)

[+o{x -1)

o +ola -1)

The simplest way to assess whether our framework allows real effects of
noniinal shocks is that of transforming it in order to obtain a relationship
involving growth rates. Deriving with respect to ime expression (9) one has:

gN1) = ¢y ) + c2 gN(1-1) + c3 V(1) (10}

where the superscript * represents growth rates. Calculating the value of
parameters c;, i = 1,2,3, through a simple visual inspection of equation (10)
we arc allowed to state the two following results:

ResultI: A nominal (i.e. rionetary) shock influences the rate of growth of
prices less than one to one.

Result2:  The nominal innovation Creates persistency {or histeresys),
whose degree is measured by the magnitude of c;.

The main message here comprised is that in order to obtain stickiness of
aggregate prices in a monopolistic competition setting it is not necessary to
introduce nominal rigidities (e.g., see Ball and Romer (1991) and Caplin and
Leahy (1992)), but it suffices to drop the assumption of perfect foresight, the
last issue coming from the call for more realism when introducing
heterogeneity3 .

Notice that in the long run q(t) = qt-1) = g*, i.e.

I+0(CI"E)U* (1])

* o *
1 " a -1

*Ball and Romer analyze the case of heterogeneity as well (pag. 547), where heterogenity
regards mentl cosss. In their model agents must know the cumulative distribution function Hiz)
of mend costs in order o be able to calcutate precisely the aggregate price P and the gain from
adjusting their price t0 a nominal shock, respectively. In our setting we discard precisely this
perfect information assumption.



so that it immediatly follows:

Result 3:  Technological progress is not neutral, and it influences the
aggregate price index in the long run more than one fo one.

Let us now move back, assuming absence of technological progress, in order
to study the role played by the ‘hard structure’ parameters o (i.e. ‘static’
technology) and ¢ (i.e. preferences) on the neutrality of money. Ngticc? that
the impact multiplier of monetary innovations on the aggregate price index
remains unaffected by this trivial modification, and it is given by:

amA(r) o +o{o —1) !
It is straightforward to observe that:
de, _ 1 >0 (13)
da o +o e - D]
and
_ai‘.._ (—I)(O'- - 1)2 (14)

36 [a +ola -~ D)

so that we can state:

Result 4. The higher are “static” decreasing returns (@) and the lower is
the elasticity of substitution of demand (G), the higher is the
impact of a monetary shock on the aggregate price index.

Now, notice that:

de, -1
=2 <0 (15
e [o +a(e -]

9o (el -l) 16)
9c [0 +oo —1)]

that is to say:

10

Result 5:  The reverse of result 4 is true for the adjustment process
towards the long run equilibrium.

It follows that in the absence of technological -progress, dropping the
assumption of perfect foresight because of the introduction of heterogeneity
implies that the lack of short-run neutrality of money depends on “static™
decreasing returns and on the elasticity of substitution between couples of
goods (i.e. on preferences). Furthermore, there exists a rade-off: the higher
is the impact of a nominal shock, the lower is the speed of convergence
towards the new long run equilibrium, and vice-versa.

3.3. Effective competition and market selection.

Let us now move our attention to a second capital issue deriving from the
introduction of heterogeneity in a monopolistic competition model: the long-
run structure of the market. As a first-order approximation, we assume that
our monopolistic firms, endowed with different production costs, can not
pursue any innovation activity.

Recall, from equation (1), that the demand function for a generic firm jis
given by:

Y,"(r)=(2"((:))J D(1,K) amn

Y{t)

where we have substituted for the term the expression D(t,K}. Notice

that the latter is equal to the market share of firm j along a symmetric long-
run equilibrium, where p; = Q = I; its role is that of constituting a useful
benchmark of comparison for the market share a firm can obtain along an
heterogeneous equilibrium. D(t,K) is clearly a function of the number of
firms operating at time t.

The relative competitive position firm j occupies when adopting its peculiar
technology (1/g;) is then given by the ratio of its market share and the
potential market share in the homogeneous case:

o o (e (17
D(.k) | QW
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Let us define this competitive ratio as X; (t,K); hence, X (t,K) _is the vector of
relative competitive shares for each firm j = I, K This represents a
complete configuration of a monopolistically competitive market composed
of K firms at time t. ‘ .

Taking logs, one obtains a sort of replicator-type function:

X (LK) =- o (In p; (O - g (1)) i=12..K (18)

where lower case letters represent the logarithms 9f .the relative variables.
The system of equations (18) identifies the equilibrium market sha}'e for
every fimn j, j = 1,2,...,K, in a form which closely. risemblcis t}}e notion of
“fitness’ largely employed by evolutionary economics”. In_tl:ns hteraturer the
notion of fitness is a useful biological metaphor for the ability a fim ha.s' to
survive in a competitive environment. In our framework, the lower the price
a firm chooses, the higher its fitness is, 1.e. its relative market share:

The Bertrand-Nash equilibrium in terms of relative market shares is defined

K -

as ZJC. = (. In the homogeneous case, the equilibrium can be immediatly
i

J=t
derived as the condition X" = {0,0,....0}". Suppose now that a_sct of
héterogeneous firms might be ranked from the more to the Iess.efﬁcmnt, as
e, > e > ... > ex. When firms employ heterogeneous technologies, the non-
homogeneous equilibrium is given by the vector '}'_(" = {X1, X2, «osXK ) _and
there exists a technology e;* such that x; < 0 holds if ¢; < &¥, and x; > 0 if ¢;
> e;*. This threshold value may be found noting that if one substitutes from
the BREF, it follows that:

xj(Ky=-0a(a;-Ingj) (1%)

where ap = 1/§, and a; = In A + (¢t -1) In D. Thus, heterogeneity for itself
does not affect sensibly the Jong-run equilibrium, given that the degree of

“In evolutionary economics, a relative fitness function is defined as the differential equation
ds, ( E. -{E )) - Where s is the relative market share of firm i, E; its somehow

—_——y

dt ) )
determined competitiveness, and (E) the average competitiveness of all firms in the industry (

= I s E). Notice that while the fitness function is a dynamical diseql{ilib}'ium concep, the
equation in the text (18} is an equilibrium object. For rele\'fmt app!lcauon:s of rephcatm:
dynamics, see Iwai (1984), Metcalfe (1992), Saviotti and .Mam {1995) and §1Everberg,_ ]_Jo_s:
and Orsenigo (1988); for interesting discussions of the relation bet_wccn evolutionary equilibria
and equilibriun concepts in economics, see Boylan (19%4), Friedman (1991) and Joosten

(1996).
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polymorphism initially characterizing the market propagates to the long-run
solution. .

More interesting results emerge if we abandon this static Tepresentation and
admit the influence of technological change. Just (o have a taste of what is
going on, suppose that each firm is engaged in learning-by-doing or on-the-
job-training activities, which allow it to improve its productivity at a
constant idiosyncratic rate. Prices are now allowed to change at each time, so
that a proper replicator function can be obtained taking the derivative with
respect to time of equation (18):

:E.(z):_clﬂ!;(_tl_ﬂ]x_(,) j=12..m  (20)
j FONFOlY

i.e., the rate of change of the competitiveness of firm J 25 measured by the
relative market share increases (decreases) as far as its price grows less
(more) than the average price. The system of K+1 equations composed by
the K equations in (20) and the relationship for the aggregate price index
admits a unique solution under mild conditions (see Joosten (1996)). Firms
whose share approaches zero exit, and the number of operating firms
shrinks. Eventually, only the fittest firm will survive. The finding is at odds
with the ones obtained in the evolutionary literature, where “.. the only
possible long-run equilibrium {...] without technological progress is the
situation in which the least cost firms dominate the entire economy” (Iwai
(1984), p.329). Whenever consumers have preferences which dictate that
variety is better than uniformity, cost-decreasing technological progress is
necessary in order to allow Schumpeterian competition (o drive the market
towards monopoly.

4. Transitional dynamics towards a new long-run equilibrium,

So far, technological change has proved to exert an influence of paramount
importance on the long-run equilibrium price index. Furthermore, we have
observed that when cost-decreasing technological change is at work,
monopolistic competion evolves toward a monopolist market. In this section
Wwe want to go deeper in our investigation of how the new equilibrium could
be attained when technological progress is at work.

The first step we take along this route consists in analyzing our stylized fact
number 2. Simply stated, the idea we aim to explore is that the process of
adaptation to a new technology or to a new organization in general takes
time, so that its whole potentiality in terms of productivity can be reached

13



only after some time from its introduction has elapsed. To put it differently,
the technological shock each firm receives, that in our case corresponds to a
change of the production technology it employs; is likely to need a certain
time to became fully operative, for example because the adoption of new
capital equipments require the retraining of employees, because of sunk
fixed costs due to old embodied technologies, or simply because people does
not like novelties and adapts to them slowly. Hence, in this section we
consider explicitly the effects of learning-by-doing and learning-by-using
phenomena, showing that under rather plausible assumptions they may lead
to interesting transitional dynamics.

A sensible amount of empirical evidence on technological change has
demonstrated that the adoption of a new technology could be described by
the mean of a logistic function: the gain in productivity allowed by the new
technology at first grows very slowly with an increasing marginal rate,
eventually reaching a point where its second derivative changes sign.
Concavity implies that the intra-firm learning process converges in a finite
time to its long-run potential value.

In order to formalize this idea we adapt to the behaviour of a single firm a
piece of machinery tipically employed in describing the adoption of a
technology by a population of firms. The idea is that an individual firm is
generally composed by a number n>1 of employee, divided in r > 1
divisions, each division being responsible for a given activity (e.g.
management, production, marketing, auditing and control, etc.). During the
interval t + At the expected increase of F, the relative number of members
fully adopting the novelty, is given by AF(1-F)At, where A may be
interpreted altemmatively as a probability each non adopter has to adopt
whenever matched with an adopter, or, in a deterministic fashion, simply as
thé speed of the logistic convergence process. The law of motion describing
intra-firm adoption may therefore be written as P, -F, = AF{I-F)At.
Dividing both sides by At and letting At approaching zero, one obtains a

Bernoulli differential equation F : = AF, (1 - Ft), whose solution gives

rise to a logistic path. Applying this reasoning to our model, the transitional
dynamic evolution of productivity for a firm after it has chosen to adopt a
new technology may be expressed as:

. l’ -1
e, (t+ h)y=¢e,(1)+ Aej(t{1+[—;7—1]exp(—lh):| 1)

where Ae; (t) denotes the value of the productivity shock firm j receives at
time t, Fg is the number of employees or divisions immediately adopting (in
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this case as close as possible to zero), and finaily, as we said, A rules linearly
the speed of convergence of the logistic towards the value 1. To appreciate
the latter point, recall that the lapse of time 7 it takes to go from a percentage
K to a percentage K* of the final after-shock productivity is given by:

. '(1-x)
7,k - ) lfm[n(l-—r:‘)} (22)
i.e., a linear function of the parameter A. The most interesting case is when
the .specd of convergence is inversely proportional to the magnitude of the
positive shock. The assumption is likely to be a reasonable one, if one just
notes that the bigger is the shock, the bigger is the distance between the old
and the new technology adopted by the firm, and finally the longer is likely
to be the adaptation process. If this is the case, firms receiving bigger
shocks, i.e. firms incurring in a deeper technological innovation, are likely to
loose competitiveness in the short-run, to be overcome by firms adopting
less innovative technologies. Of course, in the long-run the right ranking is
established. Hence, catching-up, forging ahead and falling behind
phenomena are at works at the market level.
The idea can be better appreciated looking at the graph in figure 1, where the
dynamic adjustment processes towards the long-run value of productivity are
plotted for three firms, after they receive a shock which amounts to an
increase of the 5% (B), of the 3.5% (M), and of the 0.5% (S) with respect to
the ex-ante productivity, respectively. All three firms started from a commeon
productivity level. Under the combined pressure of an idiosyncratic shock
and of internal logistic adaptation activities inversely related to the
magnitude of the shock itself, firm B falls behind with respect to both its
competitors for § periods, it catches up and starts to forge ahead firm S at
period 10 while continuing to loose competitiveness with respect to firm M;
eventually it catches up and forges ahead firm M too starting from period 16.
Notice that it takes roughly half of the whole convergence lapse of time for
firm B to become the new technological leader.
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What about negative shocks? In this framework, where sho‘cks have been
defined as technological changes which modify the pror!uct.xon cos(s, as a
matter of example we could think at the brc_alging of organizational equilibria
implying a deterioration of the productwlt)f _o_f labour, or unexpected
difficulties cropped up in its purchasing activities. Whatever nature the
negative shock might have, it seems difficult to Jusnfy_ tl:le presence of some
‘retardation effect’ for sudden decreases in productivity, howeve{‘ Thus,
when a negative shock hits the firms, its production costs are likely to
increase immediately.

In figure 2 the transitional dynamics of the market shares corresppndent to
the long-run equilibrium for a market composed. of ten firms is drawn.
Starting from an homogeneous situation in wl'uch eacl} fimm pro«liuces
adopting the same technology, we assume that idiosyncratic shocks hit our
firms leaving the ‘average’ productivity unaffected on th? long run. In other
words, we are postulating a kind of ‘mean-preserymg shock vector. In
particular, firms ranked from #1 to #4 receive at period 5 a negative shock,
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* which decreases immediately their production costs; firms occupying the

median position (#5,6) are unaffected, while firms from #7 to #10
experience positive technological shocks which follow logistic patterns. An
interesting feature emerging from the transitional dynamics plotied in figure
2 is that a kind of reversed logistic pattern characterizes the adjustment path
of ‘unlucky’ firms, ie. firms receiving negative shocks, even if the shock
they suffer display immediatly its inter-firm effects, This non-linear
transitional dynamics is completely induced by the evolution of the market.
In the following section we will drop the possibility of negative shocks, the
market structure’s dynamics being driven primarily by ‘Schumpeterian
competition’: firms can loose part of their market because of a relative
deterioration of their competitiveness driven by its competitors’ efforts in
finding more efficient technologies, rather than by idiosyncratic negative
shocks.

S. Growth driven by localized technological change.

The findings discussed so far have been obtained under two very special
assumptions: 1) the aggregate demand remains costant, or it grows at an
exogenous rate and 2) the profits gained during the dynamic process are not
invested.

In this section we will drop the latter hypothesis, assuming that profits can be
used to improve the relative competitiveness position through investments in
R&D, whose outcome is inherently uncertaint butr whose expected value
depends positively on the amount spent. Profits are therefore a necessary
pre-condition for technological-driven growth.

Investments in R&D can be split into two different activities: innovation and
imitation. The cornerstones in the literature are Nelson and Winter (1982)
and Soete and Turner (1984); some interesting work in extending to a
macroeconomic setting this issue has been recently done by Chiaromonte
and Dosi (1993), Hutschenreiter, Kaniovski and Kryazhimskii (1995), and
Ardeni and Gallegati (1996). In particular, the last two authors model both
R&D activities by the mean of a single birth-and-death process. The
technological situation at time t is given by a state s of a Markov chain;
innovation is then represented as the exit of firms towards a new
technological regime (death), and imitation as the entry of firms in the
present one (birth),

It seems interesting to extend their results in two directions. First, convincing
cvidence has been furnished that R&D is characterized by localized
spillovers. Antonelli (1995) discusses in details the topic, identifying the
nature of localized technological change in two features. On the one hand,
localization must be referred to the need of a sensible amount of learning in
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fully acquiring a new superior technique, where learning is lar_gely “
embedded in the techniques each firm has experienced” (Antonelli, (19?5),
pag. 10). Localization is then referred to the elasticity in technical
substitution along an isoquant when the relative price of factor changes, or
along an increasing productivity technological paradigm, its degree }?eing
measured by the amount of switching costs a firm must face when choosmg_ a
new technology. On the other hand, switching costs are a function of spanai
proximity with firms adopting innovations. The argument runs on tl_le notion
of interactions among firms belonging to a common Marshallian industrial
district. Finally, the notion of localized technological change seems to
provide a consistent representation of the ‘thrust asnd parry’ process in
innovations’ introduction described by Landes (1969)°. ,
Technological adoption ruled by some kind of locatized spillovers has been
recently theoretically treated by Aljen (1982), Antonelli (1996), amfl An and
Kiefer (1995). Furthermore, a large number of empirical studies have
furnished us convincing evidence supporting the importance of Spatlfll
localization, or more generally of a neighbourhood structure, in
technological change; among the others, see Jaffe, Traytenberg and
Henderson (1992), and Henderson, Kuncoro and Tumner (1995). This makes
room for a description of the supply side of an economic system as a lattice,
each firm occupying one single site and comrmunicating only with a subset of
neighbours on the whole lattice (Féllmer, (1974)). In particular, the link with
the literature sprung from his seminal paper should became clearer in the
following section.

Second, recall that knowledge is not a completely appropriable public good,
implying that not only innovation, but imitation as well can be pursued onlly
at the cost of investing in peculiar R&D (Cohen and Levinthal, (1989)); This
issue gives rise to an interesting consideration. The profit space can be
divided into three regions such that:

7 {t) =0 (1} = ¥
i
bankruptcy imitation innovation

v

Sigure 3

3 The assumption of localized spillovers contributes furthermore to overcome a shortcoming of
the Aghion and Howiltt’s ‘creative destruction’ story, according to which the arrival of a new
invention replaces immediatly all the old technalogies availble at that time. In reality, t.hc
process of substitution is likely to be smoother, whith the closest substitute old technologies

being the first ones to be discarded.

18

Under the assumptions that investments can be implemented only out of
profits, and that innovation requires mere effort in R&D than imitation,
monopolists are driven out, imitate or innovate - that is they contribute to
determine their relative future competitiveness - according to their present
capacity of making profits, which depends ultimately on their competitive
position one period before”.

The competitive selection process analyzed above constitutes the incentive
to invest in R&D. While at the microeconomic level monopolists invest
basically in order to conserving and expanding their competitiveness, at the
aggregate level we experience ‘competition-led’ endogenous growth, given
that succesfully R&D allows an increase in the average productivity, thus an

~ expansion in the aggregate productive capacity.

5.1. Technological change as a two-stage stochastic process.

A suitable way to express the argumentation above is the following. Suppose
that a set of K monopolist firms follow fixed routines both in innovating and
in imitating, which might be comprised under the heading: ‘invest in R&D
all the profits you gained in the last period and cross your fingers’.
Technological change is characterized by localized interactions among
agents, on the one hand because information is assumed to flow locafly
among firms producing ‘close’ commodities, on the other one because
leaning to use a new technology is easier when the mnovelty is
technologically closer to the old option. As a matter of example, we claim
that a firm manufacturing shoes is ‘closest’ to a firm producing clothes than
to firms producing cars or floppy disks.

At any time t, firms may be represented as spatially organized on a circle.
Each firm has more or less close neighbours to the left and to the right as
indicated by the number of edges connecting it to other firms on the circle.
However, due to intertemporal spillovers both on innovation and imitation
actrvities, the interaction structure of the economy is given by a two-
dimensional cilinder.

For expository convenience, we assume that the set N {j) of neighbours of
firm j at time t is given by the two closest neighbours on the left and on the
right, plus itself on period before. At any time t, only two levels of the
ciliinder, the level t and the level t-1, fully determine the structure of the
economy. Hence, the system obeys the Markovian property.

®The idea that firms may exclusively innovate or imitate lacks in some sense of realism. In
fact, it seemns more likely that a firm having high enough profits to afford innovation decides to
spend a fraction of them imitating as well. In spite of this, in what follows we will continue to
make use of the ‘exclusion’ assumption, given that discarding it would imply a considerable
complication in the analysis without any appreciable gain.
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R&D investments in innovative fechnologies are modelied as uncertaint
activities, whose outcome is ruled by a two-stage stochastic proccss7. In

turn, according to the argumentations reported above, the probability firm j _

has to experience successful investments depend on the local environment
surrounding it. Hence, provided that profits in period (t-1) were higher than
a threshold value 7%, the monopolist j enters in a two-stages lottery:

a. Let [ (t) be a boolen random variable indicating firm j’s
success in innovative R&D. It takes value 1 if a new
technology has been found, 0 otherwise. The probability of
L () to be 11s given by®: '

b ©=Pr{l=1}= “p["l"f(’" Dia, 21 ”}
1+ cxp[alnj(t— 13+ a; Z(_J)!j(z—— I)J

The probability of success depends both on j’s profits at
time (t-1) - a measure of private efforts - and on the
intellectual and technological environment in which j is
plunged - a measure of localized knowledge spillovers,
given by the number of period (t-1) succesfully innovating
firms out of a quasi-fixed neighbourhood® .-

b. ITL; (1) = 1, j’s productivity is given by:
Ee,(0)) = e,(t—1)(1+ 1)

i.e. the monopolist experiences an average productivity
increase by a percentage A, that represents the mean value of
a Poisson distributed stochastic process, with a variance
equal to 7.

7 Applications of two-stage procedures very close in spirit to our may be found in Chiaromonte
and Dosi (1993) and Nelson and Winter (1982). The main novelty in this version is that we
consider explicitly local spillovers.

¥ The choice of probabilides is not completely arbitrary. In fact, it naturally derives as a
suitable conditional representation of a Markovian random field with a discrete state’s domnain
(Haining (1990)). The convenience of this characterization will became clear in section 6 when
we will deal with the mean-field approximation.

® The concept of quasi-fixed nei ghbourhoed will be delined in more detail later on.
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Imitation is ruled by a slightly different set of procedures. Whenever profits
are positive but not high enough to afford innovative research, monopolists
invest in order to adopt the most competitive technology available at time (t-
1} in a ‘spatial’ neighbourhood of competitors. The temporal lag intends to
capture the presence of patents or other legal and technological barriers to a
sudden diffusion of innovations. The process is described again as a two-
stage stochastic process:

a. Let R; (1) be a boolen random variable indicating firm j’s
efforts in imitative R&D. It takes the value 1 if the
investment is successful. In this model, it means that the
patents of technologies used by neighbour competitors at
time (&-1) have became available. Hence, the probability of
R; (t) to be 1 is given by:

GO =Pr{Rt)=1}= exp[bﬁr = 1)]
1+ exp[bm (1 - 1]

In this case the probability of success depends only on j's
profits at time (t-1). Local spillovers come on the scene only
in the second stage.

b. IfR; () = I, j’s productivity is given by:
& (t) = ¢ (t-1) {1 + argmax f(eng*(t-1) - ¢; (t-1)), 0]}

where en)*(t-1) is the most efficient technology locally
available. Summarizing, monopolist j, when investing in
imitative R&D, has not a perfect knowledge of the
technologies employed by other monopolists, but in order to
discover them he necessarily has to make an investment,
whose outcome is inherently uncertaint.

Two further issues need a qualification. The first one deals with the number
of monopolists operating at each stage: indeed, while the mechanism of exit
should be clear, nothing has been said about the entry of new fims. A
suitable assumption is that the element of the commodity space turned empty
after the correspondent non-efficient monopolist has been pushed out of the
market at time (t-1) remains empty one period, to be successively occupied
by a new monopolist at time (t+1). The entrant has at his disposal the most
efficient available technology in the reference neighbourhood at time t. We
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want to capture the fact that entrants seldom have at their disposal an
absolute innovative technology, but at the same time they decide to enter
only with the prospect to obtain positive profits. This assumption could be
interpreted as the consequence of imperfections on financial markets: firms
can borrow the funds they need only if creditors have a positive probability
to see their money back home.

The final remark is centered on the threshold level of profits &%, In our
framework we have assumed it to be exogenous, even if we are well aware
that a realistic model would require this critical level to become endogenous.
Given that this issues would drive us too far, we leave it for future research.

5.2 Simulation results.

The structure of the composed stochastic process driving the dynamics of the
model is to complex to be analyzed in a closed form. Nevertheless, some of
its long-run properties can be infer through simulations. In the figures below
we present the result of a computational exercise for the market’s shares of
ten monopaolistic firms, the path of growth of the average productivity, and
the standard deviation of market’s shares - i.e. a measure of the structure of
the market -, respectively. In what follows, aggregate demand is assumed to
be costant, and the average increase in productivity when innovating is equal
to a jump of 2.3% from the old technology'® . Firms which exit because their
market share is not enough to allow them to break-even are replaced by new
firms producing the same variety, with a technological level equal fo the
mean technology during the previous period. The threshold value for profits,
n*, changes with the distribution of profits among firms, and for
computational convenience it is assumed to be equal to the average value of
profits distribution at each time; all otlier parameters are set equal to the one
employed for the simulations above.

The simulation has been run for 200 periods; however, only the last 150
periods are plotted for market’s shares and productivity growth, respectively.
This choice allows us to eliminate the influence that transient dynamics of
the involved stochastic processes might cause on the system’s dynamics.

The resulting series path seem {o be consistent both with some of our
proposed stylized facts and with the empirical evidence. First, a remarkable
degree of heterogeneity characterizes the economy in the long-run, as we
emphasized in our stylized fact # 1.

¥This choice reflects estimations of annual productivity growth rate (for the period ]1890-
1979} as proposed by Maddison (1982) for the U.S. It constitutes a timid proposal of
‘calibration” of the model; at the same time, we use it to suggest that further extensions of the
modet could allow a complete calibration, in order to replicate empirical time series.
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Notably, starting from a situation very close to homogeneity, the market
evolve towards a quasi-stable structure in the long-run, as one can appreciate
from a joint consideration of figures 4 and 6. Second, catching-up and
falling behind in market’s shares indicates that the technological struggle
pursued by firms plays a major role in shaping the complex intra-market
dyr}amics, given the aggregate demand and preferences. Third, figure 5, in
which the average technological time series is plotted, shows productivity as
a fluctuating process around an increasing trend. Due to our assumptions of
a constant aggregate demand and of constancy of the capital-output ratio, the
time series in figure 5 approximates labour productivity as measured by
output per man-hour.
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As a final remark, recall that according to the story we told above, the
adoption of a new technology is characterized by an intra-firm logistic
learning process, whose length is likely to be directly proportional to the
degree of its innovativeness. This implies that particularly innovative
technologies may incur the risk of not being adopted by a large number of
firms because the associated leamning process is too long. In the presence of
bounded capacities to forecast, the expected profitability derived from less
productive techniques may therefore be higher. This consideration opens an
alternatively route in explaning phenomena of inneficiency in technology
adoption (Arthur, (1988)). In our case, given the process of cumulative
increments in productivity due to innovation, we could better talk of
inefficiency in the technological trajectory adoption.

6. A Mean Field analysis.

Thus far, technological change has been modelled as the complex
composition of two double-stage stochastic processes, of which no analytical
solutions are available, the only way to proceed being just through
simulations. Nevertheless, introducing some drastic symplifing assumptions,
a ‘closed-form’ mathematical expression for the average long-run rate of
growth of productivity can be derived. In this section we look for a
description of the system which does not rely on probabilistic short-run
fluctuations, through the so-called ‘mean-field” approximation. The rationale
consists in focusing on the dynamics we obtain replacing the random
dynamics of the stochastic variables at hand by their average paths. Ellis
(1985) provides a comprehensive introduction to the topic, while for
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applications to economics see Aoki (1994) and Weisbuch, Kirman and
Herreiner (1996).
Let us suppose that at time (t-1), n firms out of the total M obtained profits

~high enough to afford innovation, q were allowed simply to imitate, and

finally the residual number K-n-q incurred in a loss and went out. From the
composition of this pair of two-stage lotteries it is easy to calculate the
expected rate of growth of technology for a generic monopolist j to be equal
to:

ij(z)=(%Jluj(t)+(%)%~xj(t)(edf*(r—l)-ef(t—I)) (23)

The first addendum of the RIS of (23) is the probability to obtain an
average percentage increase of productivity equal to A, provided that profits
were enough to belong to the fraction of firms allowed to innovate, and that
the R&D activity succeded. The second term, on the contrary, is the
expected increment in productivity firm j can gain if profits were just
sufficient to imitate, under the assumption that the ex-ante localized
distribution of relative technological competitiveness is uniform, so that
there exists an equal probability to be on the higher half or on the lower half
of the distribution of technologies. To put it differently, there is a probability
equal to ¥2 to discover a more productive technology in the reference
neighbourhood.

Equation (23) could be alternatively interpreted as follows: given n firm
potentially innovating and q firms potentially imitating, let us draw randomly
one firm out of the whole K. market’s components and find the expected rate

n .
of change of its productivity. With probability — we draw a firm belonging
P K

to the innovative regime, which succeeds in obtaining an average
productivity increase of A with probability y; with probability 2. the
K

extraction will result in a firm belonging to the imitation regime, which will
have the opportunity to adopt a new technology with probability ¥;, the
increase in productivity being given by the difference between the most
efficient available technology in its neighbourhood and the technology
n+q

presently used; finally with probability [1.. J the firm extracted

experienced last period a loss, and can not enter in any technological
advance process. '

Notice finally that we can not treat each firm as an independent stochastic
variable and apply the strong law of large numbers in ‘averaging’ the path of
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productivity growth, because of the interaction among them. In this case one
has to adopt the machinery developed in statistical mechanics in dealing with
interacting particles, i.. Gibbs fields, or equivalently their conditional
counterpart, random fields. See Follmer (1974), Allen (1982) and Durlauf
(1993) for applications to economics of these concepts.

6.1 Approximating innovation.

As a first step, let us focus on the innovation process. In order to simplify the
analytical treatment, a convenient representation consists in extracting af
each time t from the whole set of operating firms only the firms which have
gained at (t-1) enough profits to enter in the innovation prospect, and to
build with them an ordered set. We proceed therefore endowing the
economy with the structure of a graph, and associating each fimm with an
index a € A'!, representing a site on the lattice. Each site is characterized by
a conditional probability law r (a(a) = s | 1), called the set of local
characteristics, which is defined on all the possible states s € S the site can
assure. The probability measure is conditioned to an environment, defined
as the map 7: A - {a} specifying the state of agents other than a. The
economy can now be represented by the model (A, S, R, V), where a € A
agents are embedded in a graph with a structure of social relations given by
V2, each one of them experiencing a state s € S with a probability r, € R.
The fact that competition makes profits fluctuating with a positive
probability between innovation and imitation regimes implies the graph has
not a fixed structure. Nevertheless, given the postulated persistence of firms
in the innovation subset due to the positive relation between profits and the
probability to further increase their competiiive position thanks to
innovation, we will talk of ‘quasi-fixed’ structure.

Call  the decision variable associated with the state s, with @ € Q. Hence,
we define as a macroeconomic global phase of the economy any probability
measure W belonging to the probability space (Q,F,yr), which is compatible
with R in the sense that:

v [ aa) =s[n}=r, (sin) - y-almost surely

1 Of course the total number of elements of A changes period by period, but it is comprised
between 1 and K. :
2What V measures is the extension of the refative neighbourhood influencing the decision of
firm j. Obviously, when the number of members of the reference group of neighbours changes,
the behaviour of the aggregate economy changes.
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Intuitively, local characteristics are consistent whenever they admit one
unique global phase. A well-known result in statistical mechanics is the
equivalence between the conditional probability representation of a
Markovian Ising type economy’ and the finite-volume Gibbs state
representation. This latter can be written as:

Prob( ) = exp(~ i ) = 24)

where B, which in statistical mechanics represents the inverse of
temperature, is a parameter that will be treated as a piece of machinery
without any particular natural interpretation. H is catled Hamiltonian or
interaction energy function, which for the finite-volume case may be
expressed as:

H=—b2mj—;—zj(i—j)mimj (25)

while the denominator of (24} Z is called partition function, its role being
that of normalizing the expression for the Gibbs state:

Z= z ..... Eexp(—BH)' (26)

o efl, L5 + Py

The function J assumes a capital importance for the mechanics of the system.
Indeed, on the one hand it characterizes the range of direct interactions, i.c.
it defines the ray of the reference group; on the other one, J represents the
strength of the influence exerted by neighbours on any generic fiom j. Let us
suppose that the strength of interaction is misurable and let us posit it equal
to 8, so that;

3 i fi-il=1

Ji~j)=

0 i Ji- et
where |.| indicates the Euclidean norm on RP., This characterization of J
fully determines the well-known Ising (or auto-logistic) model. Its properties
have been deeply studied in statistical mechanics, cluster analysis and

“With this expression we summarized two distinct features: the Markov property of
probabilistic local characteristics and the egalitarianism in initial endowments and in attitndes.
The last assumption is in order if we want to deal with non-directed graphs.
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pattern recognition, among the others. However, notice that other interaction
strength structures may be considered using these framework without
particular analytical difficulties. o

Finally, b is an external influence on the probability statement, in our case
approximating the influence exerted by profits on the probability of success.
The value b = 0 represents a critical point for the Gibbs representation, in
correspondence of which the system shows abruptly changes in its dynamics.
Hence it seems natural to establish a transformation from = to b, b(n), such
that if & = °* = b(m) = 0. For the sake of semplicity we do not go deeper in
analyzing how the sysiem’s long-run trajectories change for different values
of b.

The trick consists now In replacing the spatially distributed interaction with
an average strength interaction, the so called ‘mean field’, defined as

S—“ = Z i(ll The Hamiltonian can be rewritten as:
|l ~ 4 4]

13,
e . (27}
= 2 [A] 2"“”

Expression (27) characterizes what in statistical mechanics is known as the
Curie-Weiss model. Its main peculiarity is that of allowing exact calculations
of the expected per capita innovation rate, defined as d. In particular, the
expected long-run growth rate of productivity due to innovation is given by
the roots of the expression (see Ellis (1985), p.182; and for a related
interpretation, see Brock and Durlauf (1995), p. 9):

d = tanh [B(Sed + b)) (28)

Notice that for b+ 0 and B3 > 1 there exists a treshold T such that 1) | Bb l<
T implies the existence of three roots; 2) |pb|>T implies the existence of a
unique root with the same signe of b (Brock and Durlauf (1995)). An
alternative interpretation runs as follows: for any given B there exist a b*,
with b* > 0, such that for b > b* the system becomes ergodic and converges
towards a golden long-run growth rate; while for b < b* the economy is
characterized by a multiplicity of equilibria.

Unfortunatly, for the generalized case the mean field approximation through
the Curie-Weiss model does not allow to obtain precise values of the long-
run system’s characteristics. The average per-capita rate of growth of
technology due to innovation we can find through (28), which for
convenience we redefine as d°*, provides just un upper bound to the average
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innovation rate, i.e. for B > 0 and b 2 0 the following holds (Ellis (1985},
theorem V.9.1, p.183):

d™Y B,by=d B.b)

The correctness of this approximation grows as the dimensional degree of
the system increases. For D = 4 the value of the mean field approximation of
the generalized Gibbs state representation equals the Curie-Weiss model
representation. In our case, with D = 2, what one can say when forecasting is
that on the average the long-run growth rate of productivity due to the
introduction of innovations will be no more than the value [dcw

(B,bYA(n/K).

6.2 Approximating imitation.

Let us now make one step back in order, and consider the second moment of
the technological change process, i.e. imitation. The only assumption we
have made thus far is that the variance of the innovation stochastic process is
uniformly distributed over the field describing the economy. Furthermore,
for ease of exposition, let us assume that profits do not play any role in the
probability of success in imitating; but for the fact that they have to be
positive and below a given threshold. ‘

In order to gain further insights for our analysis, recall that the
diffusion/imitation process is related to the diffusion of innovations among
the population which took place the previous period, and that how the
neighbourhood structure is built matters. This considerations allow us to
approximate the time (t-1) average innovation rate as the result of a Spatio-
Temporal Auto-Regressive model (STAR(L})):

?L?,t—l = Z S ELE R':'.:—2 + ui.r—l (29)

with L representing the lag operator and g indicating the order of the lag.
How is it possible to justify the use of a lag operator for spatial distances?
Let us follow Coli (1992}, and define a matrix W, called connection matrix,
where the generic element w;; indicates the type of link between the i and j
sites. This amounts to consider a delayed spatial operator L® associated to
the observed variable &;;, Vi e (A):

L, = 2w, Ay (30)

!
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This permits us to express the spatlo—temporal autocovariance coefficient
between two generic sites i and j as:

Z Lf?Li,r—lelj,l—l 1 (31)

i

;)= E e J

The sensible technical assumption we adopt is that the average rate of
imitation could be suitably approximated as a function of the localized
autocovariance coefficient referred to the innovation rate at time t-1. If this
is the case, the neighbourhood structure on E'RD, with D = 2, of the Ising
representation implies that:

e (-1}~ (F1) =2 F (x(1))
(32)

where fis an increasing function.

+

6.3 Mean field approximation of the productivity growth rate.
Substituting (32) and the critical vaiue(s) of (28} into the expression (2_3),
the mean field approximation of the rate of growth of the technological
change can be finally written as:

TQ) < %uu-}’(—xm(m (33)

Expression (33) is particularly insightful, since it allows us to extract at feast
qualitative pieces of information about the average long-run rate of growth
of productivity. In particular, the following consequences of the model and
of its mean field approximation deserve to be stressed:

Result 6. The average rate of growth of productivity is directly influenced
by the structure of local interaction. Different regions or
countries will experience different rates of growth whenever the
institutional structure of interactions among agents dwelling
therein differs.

Result 7. The distribution of profits among firms matlers in two senses: a)
the distribution of firms among the 3 regimes n, g, and K-(n+q);
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b) the dispersion of profits in each single regime, provided that
when profits are concentrate on the tales of the sub-
distributions the autocovariance parameters ¥(1) increases as
well.

Result 8. The model may be characterized by the presence of multiple
equilibria: whenever the nature of interactions implies the
equation (20) has multiple roots, economies endowed with the
same technology, profit distributions and the same relation
structure may display different long-run behaviours. Some of
them may be trapped in a low growth regime, while others
experiencing high growth, the selection of the final outcome
depending exclusively on historical accidents. The system
displays therefore ‘path-dependence’ and, provided the long-
run equilibrium are stable, it remains ‘locked-in’.

6. Concluding Remarks.

The paper intends to be a first attempt in extending the standard
monopolistic competition model along two directions. First, we introduce
heterogeneity, which amounts to discard the notion of a symmetric Nash
long-run equilibrium solution. This amendment permits to appreciate the
role played by preferences and technology in determining the degree of
petcistency of nominal shocks when the assumption of perfect foresight is
discarded. Furthermore, a trade-off between short run and long run neutrality
is assessed.

Second, we take expressly into account the dynamic selective pressure
deriving from competition, which gives rise to interesting market dynamics
whenever learning-by-doing phenomena are allowed to characterize the
intra-firm technological adoption process.

Cormbining this two arguments with an explicit role for R&D mvestment
which in turn is characterized by localized technological spiliovers, allows

-us to sketch the working of an evolutionary ‘competition-led’ endogenous

growth model with heterogeneous agents. R&D investment may be split into
two distinct activities: innovation and imitation. While characterized by
different costs, they contribute in different ways in increasing the
competitive position of the firm which adopts them. Finally, an alternative
interpretation of phenomena of inefficiency in technological adoption
(Arthur, (1988)) is provided.
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